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$iu_{t}+\Delta u=Vu+f(u)$ for $(t, x)\in \mathbb{R}\cross \mathrm{R}^{n}$ ,
$u(x, 0)=u_{0}(x)$ for $x\in \mathbb{R}^{n}$ ,
V(x) $f(u)=$
$\alpha|u|^{\mathrm{p}-1}u,$ $\alpha=\pm 1$ . (NLS) BEC
\mbox{\boldmath $\varphi$}E(x)
(1) $\{$
$\Delta\phi_{E}+E\phi_{E}=V\phi_{E}+\alpha|\phi_{E}|^{p-1}\phi_{E}$ for $x\in \mathrm{R}^{2}$ ,
$\lim_{|x|arrow\infty}\phi_{E}(x)=0$ .
, $u(t, x)=e^{-*Et}\varphi_{E}(x)$ , $u$ (NLS)
. , (1) ground
state (NLS) .
$H(u)= \int_{\mathrm{R}^{n}}(|\nabla u|^{2}+V(x)|u|^{2}+\frac{2\alpha}{p+1}|u|^{p+1})dx$ (Hamiltonian),
$N(u)= \int_{\mathrm{R}^{n}}|u|^{2}dx$ (charge),
. ground state 198O
. $V\equiv 0,$ $\alpha<0$ ( attractive) , $p<1+4/n$ ,
ground state , $P\geq 1+4/n$
([6, 14, 34]). $V\not\equiv \mathrm{O}$ , ground state $[29, 32]$ .
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(C) ground state , (NLS) ground
state
, ([39] ).
V\not\equiv O (VI)-(V3) $C^{1}$- ,
.
(V1) $V(x)$ $arrow\infty$ .
$-n=1$ $(1+x^{2})V(x)\in L^{1}(\mathbb{R})$ ,
$-$ $n.=2$ $\sup_{x\in \mathrm{R}^{2}}\langle x\rangle^{3+0}(|V(x)|+|\nabla V(x)|)<\infty$
(V2) $L=-\Delta+V$ $\lambda=E_{*}<0$ – .
(V3) $0$ $L$ . .
, (1) ([35]).
Proposition 1. Assume $(Vl)-(V\mathit{3})$ . Let $n=1,2$ and let 6 be a small positive number.
Suppose that $E\in$ $(E_{*}, E_{*}+\delta)$ and $\alpha=1$ or $E\in(E_{*}-\delta, E_{*})$ and $\alpha=-1$ . Then, there
evists a positive solution $\phi_{E}$ to (1) such that for every $k\in \mathrm{N}$ ,
1. $\langle x\rangle^{k}\phi_{E}\in H^{1}$ ,
2. The function $E\text{ }arrow\langle x\rangle^{k}\phi_{E}$ is $C^{1}$ in $H^{1}$ for every $k\in \mathrm{N}$ , and as E– $E_{*}$ ,
$\langle x\rangle^{k}(\phi_{E}-|E-E_{*}|^{1/(p-1)}(||\phi_{*}||_{L^{\mathrm{p}+1}}^{-(p+1)/(p-1)}\phi_{*})=O(E-E_{*}))$ in $H^{1}$ .
2
2.1 $V\not\equiv 0$
$n\geq 3$ , (Vl)-(V3) Soffer-Weinstein[36] ) 11 u0||Ll\cap H1 , $tarrow$
$\infty$ ( ) ( $e^{1t\Delta}v_{+}$ ) .
[17] p-p’- . Yau-Tsai$[38,40, 44,45,46]\text{ }$





(2) $u(t, x)=e^{-i\theta(t)}(\phi_{E(t)}(x)+v(t, x))$ .




$g_{4}(t)= \partial_{\epsilon}f(\phi_{E(t)}+\epsilon v(t))|_{\epsilon=0}=\alpha\phi_{E(t)}^{p-1}(\frac{p+1}{2}v(t)+\frac{p-1}{2}\overline{v(t)})$ ,
. $V={}^{t}(v,\overline{v})$ , (3)
$iV_{t}=\mathcal{L}_{E(t)}V$,
$\mathcal{L}_{E}=(-\Delta+V+\frac{p+1}{2}\phi_{E}^{\mathrm{p}-1})\sigma_{3}+\frac{p-1}{2}\phi_{E}^{p-1}i\sigma_{2}$ .
$\mathcal{L}_{E}$ $\sigma(\mathcal{L}_{E})$ , $\sigma(\mathcal{L}_{E}=\{0\}\cup\sigma_{es\epsilon}(\mathcal{L}_{E}),$ $\sigma_{ess}(\mathcal{L}_{E})$ $\sigma_{e\epsilon s}(\mathcal{L}_{E})=[$
$\{k\in \mathbb{R} : |k|\geq E\},$ $0$ 2 . 0-
span $\{$ , $\}$
. $P_{E}$ $\mathcal{L}_{E}$ spectral projection ,
$\mathcal{P}_{E(t)}V(t)=0$ .
(4) $\langle\Re v(t), \phi_{E(t)}\rangle=\langle_{\mathrm{S}V}^{\alpha}(t), \partial_{E}\phi_{E(t)}\rangle=0$ .
(4) $t$ (3) ,
(5) $=O(||e^{-\sqrt{|E(l)|}|x|/2}v||_{L^{2}}^{2})$
. $\lim_{tarrow\infty}E(t)$ , $W$ ,
$v\in L^{2}(0, \infty;W)$ . (3) $g_{1}$ , $w(t)=e^{-i\theta(t)}v(t)$
,
(6) $w(t)=e^{-itL}w(0)-i \sum_{2\leq j\leq 4}\int_{0}^{t}e^{-i(t-s)L}e^{-*\theta(s)}g_{j}(s)ds$ .
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. g2 v (5) , g3+g4
.
$g_{3}(t)+g_{\mathit{4}}(t)=O(g_{I}(t)+g_{II}(t))$ , $g_{I}(t)=\phi_{E}(t)^{p-1}v(t)$ , $g_{2}(t)=|v(t)|^{p-1}v(t)$
,
$\bullet$ $g_{I}(t)$ , $p$ Strauss , $||v(t)||_{L^{\mathrm{p}+1}}$
.
$\bullet$ $g_{I}I$ , $v(t)$ 1 , $g_{II}$ , $X$
$||v(t)||x\sim t^{-1-0}$ .
1 $e^{:\iota L}P_{\mathrm{c}}||_{B(L^{\mathrm{p}},L^{\mathrm{p}’})\sim}<t^{-n/2+n/p}$




$\leq\int_{0}^{t}\langle t-s\rangle^{-n(1/2-1/q)}\langle s\rangle^{-n(1/2-1/q)}ds\sup_{s}(\langle s\rangle^{n(1/2-1/q)}||v(s)||_{X})$
$\leq\epsilon\langle t\rangle^{-n(1/2-1/q)}$ ,
, $Earrow E_{*}$ $\epsilonarrow 0$ .
$||v||x\leq\langle t\rangle^{-n(1/2-1/q)}$ , $p\geq 1+4/n$ ([361
, n=3, P>2 ,
).
2.2 $V\equiv 0$
$V\equiv 0$ , $g_{4}$ .
Buslaev-Perelman$[3, 4]$ n=1 , Cuccagna[9] n\geq 3
, .
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, Buslaev-Perelman $[\mathit{3}, 4]$ $\mathrm{C}\mathrm{u}\mathrm{c}\mathrm{c}\mathrm{a}\mathrm{g}\mathrm{n}\mathrm{a}[9]$
, $\lim_{tarrow\infty}$ E(t)=E+ , $E(t)$ -E+ t (
$\text{ }\phi_{E}+(x)\text{ }\phi_{E(t)}(x)\text{ }$ ,
$t$ ).
Remark 1. $\mathcal{L}_{E}$ [$\mathrm{J}7J$ .
$Cuccagna[\mathit{9}J$ $n\geq 3$ Yajima $([\mathit{4}\mathit{2},\mathit{4}\mathit{3}\mathit{1})$ p-
, $\backslash \nearrow=\backslash$. $L^{p}-L^{p’}$ -
. $e^{it\mathcal{L}_{E}}P_{E}\text{ }L-\underline{L}’\text{ }$, n\geq 3 , ground state




, $n=1,\mathit{2}$ /9, 3 . $Buslaev- Perelman[\mathit{3},\mathit{4}J$
, $n=1,$ $\lim_{uarrow 0}f(u)/|u|^{9}=0$
$||\langle x\rangle^{-7/2-0}e^{itL}P_{\mathrm{c}}f||_{L^{2}}\sim<t^{-3/2}||\langle x\rangle^{2}f||_{L^{1}+L^{2}}$
, ground state . K eger-Schlag[24]
1 , $P\geq 1+4/n$ . , \mbox{\boldmath $\gamma$}\tau
Zamescu[23J , [3 n=2
. $u\sim \mathrm{O}$ $|f(u)|\sim|u|^{p}p\geq 1+4/n$ .
2.3 $H^{1}$
$V\equiv 0,$ $P\geq 1+4/n$ , $H^{1}$ , $u_{+}\in H^{1}$ , $tarrow\infty$
$e^{1t\Delta}u_{+}$ ([12] ). $\mathrm{G}\mathrm{u}\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{f}\mathrm{s}\mathrm{o}\mathrm{n}- \mathrm{N}\mathrm{a}\mathrm{k}\mathrm{a}\mathrm{n}\mathrm{i}\mathrm{s}\mathrm{h}\mathrm{i}- \mathrm{T}\mathrm{s}\mathrm{a}\mathrm{i}[15]$ , $n\geq 3,$ $p\geq 1+4/n$
V\not\equiv O (VI)-(V3) , lluOllHl u t\rightarrow \infty






$q,$ $r\geq \mathit{2}$ , $\frac{\mathit{2}}{q}+\frac{n}{r}=\frac{n}{2}$ , $(q, r, n)\neq(2, \infty, \mathit{2})$
, ( $q$ , r) admissible .
Lemma 2. (Strichartz estimate, $[\mathit{2}\mathit{0}J$) Assume $(Vl)-(V\mathit{3})$ .
$(a)$ Suppose that $(q,r)$ is admissible. Then theoe exists a positive number $C$ such that
fOr eve $f\in L^{2}(\mathbb{R})$ ,
$||e^{-itL}P_{\mathrm{c}}f||_{L_{t}^{q}L_{l}^{r}}\leq C||f||_{L^{2}}$ .
mnhemore, it holds that
$|| \int_{\mathrm{R}}e^{:\epsilon L}P_{\mathrm{c}}g(s, \cdot)ds||_{L_{l}^{2}}\leq C||g||_{L_{t}^{q’}L_{x}^{r’}}$ .
$(b)$ Suppose that $(q_{1},r_{1})$ and $(q_{2},r_{2})$ are admissible. Then there enists a positive $nu$mber
$Cs\mathrm{u}ch$ that for every $g(t, x)\in S(\mathbb{R}\cross \mathbb{R}^{2})$ ,
$|| \int_{\mathit{0}}^{t}e^{-i(t-\epsilon)L}P_{\mathrm{c}}g(s, \cdot)ds||_{L_{l}^{q_{1}}L_{x}^{r_{1}}}\leq C||g||L_{t}^{q_{2}’}L_{x}^{r_{2}’}$ .
[15] Lemma2 , $(q, r)=(\mathit{2},2n/(n-\mathit{2}))$ n\geq 3 limt\rightarrow \infty \infty E(t)
. , $n=1$ , $q$ , $(q, r)=(4, \infty)$
, $n=2$ $(q, r)$ admissible $q>2$ , $n=1,\mathit{2}$ Strichartz
limt\rightarrow \infty \infty E(t) ,
.
3
. $P_{d}u=\langle u, \phi_{*}\rangle\phi_{*},$ $P_{\mathrm{c}}u=(I-P_{d})u$ .
Theorem 3. Assume $(Vl)-(V\mathit{3})$ . Let $p\geq 1+4/n$ and let $\epsilon_{0}$ be a sufficiently small
positive number. Suppose $||u_{\mathit{0}}||_{H^{1}}<\epsilon_{0}$ . Then there exist an $E_{+}<0$ , a $C^{1}$ real-valued
fimction $\theta(t)$ and $v_{+}\in P_{c}H^{1}(\mathbb{R}^{2})$ such that
$\lim_{tarrow\infty}||u(t)-e^{i\theta(t)}\phi_{E}+-e^{-1tL}v_{+}||_{H^{1}(\mathrm{R}^{2})}=0$.
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Theorem 3 , Strichartz , (Lemmas
4-7) Kato([18]) KdV 1oca1smoothing effect
, Martel-Merle $\mathrm{K}\mathrm{d}\mathrm{V}$
. $\backslash \grave{\nearrow}$ =L local smoothing estimate ,
Constantin-Saut[8] Kenig-Ponce $\mathrm{V}\mathrm{e}\mathrm{g}\mathrm{a}[21,\mathit{2}\mathit{2}],$ $[47,31]$ ,
$n\geq 3,$ $V\not\equiv \mathrm{O}$ Ben-Artzi $\mathrm{K}\mathrm{l}\mathrm{a}\mathrm{i}\mathrm{n}\mathrm{e}\mathrm{r}\mathrm{m}\mathrm{a}\mathrm{n}[1]$ Theorem 3
, Lemma 2 .
Lemma 4. Let $n=1$ . Assume $(Vl)$ and $(V\mathit{2})$ .
$(a)$ There exists a positive constant $C$ such that for any $f\in S(\mathbb{R})_{f}$
(7) $||\langle x\rangle^{-\mathit{3}/2}e^{-1tL}Qf||_{L_{x}\infty_{L_{t}^{2}}}\leq C||f||_{L^{2}}$ ,
(8) $||\partial_{x}e^{-ltL}Qf||_{L_{x}L_{t}^{2}}\infty\leq C||f||_{H^{1/2}}$ .
$(b)$ There exists a positive constant $C$ such that for any $g(t, x)\in S(\mathbb{R}^{2})$ ,
(9) $|| \int_{\mathrm{R}}e^{:\iota L}Qg(s, \cdot)ds||_{L_{l}^{2}}\leq C||\langle x\rangle^{3/2}g||_{L_{x}^{1}L_{t}^{2}}$ ,
Lemma 5. Let $n=1$ . There exists a positive constant $C$ such that for any $g(t, x)\in S(\mathbb{R}^{2})$
and $t\in \mathbb{R}$ ,
(10) $\sum_{j=\mathit{0},1}||\langle x\rangle^{-1}\theta_{x}^{;}\int_{\mathit{0}}^{t}e^{-1(t-s)L}Qg(s, \cdot)ds||_{L_{x}^{\infty}L_{t}^{2}}\leq C||\langle x\rangle g||_{L_{*}^{1}L_{1}^{2}}$ .
Fhrthermore, if $\sup_{x\in \mathrm{R}}e^{\alpha|x|}|V(x)|<\infty$ holds for an $\alpha>0$ , there exists a positive number
$C$ such that
(11) $|| \int_{0}^{t}\partial_{x}e^{-1(t-\epsilon)L}Qg(s, \cdot)ds||_{L_{x}^{\infty}L_{t}^{2}}\leq C||g||_{L_{x}^{1}L_{t}^{2}}$ .
Lemma 6. Let $n=2$ and $s>1$ . Assume $(V\mathit{1})-(V\mathit{3})$ . Then there enists a positive
constant $C$ such that
(12) $||e^{-1tL}P_{\mathrm{c}}f||_{L_{t}^{2}L_{l}^{2,-\iota}}\leq C||f||_{L^{2}}$ ,
for every $f\in S(\mathbb{R}^{2})$ and that
(13) $|| \int_{\mathrm{R}}e^{1sL}P_{c}g(s, \cdot)ds||_{L_{x}^{2}}\leq C||g||_{L_{t}^{2}L_{x}^{2}},.$,
for every $g(t, x)\in S(\mathbb{R}\cross \mathbb{R}^{2})$ .
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Lemma 7. Let $n=2$ and $s>1$ . Then there exists a positive constant $C$ such that
(14) $|| \int_{\mathit{0}}^{t}e^{-i(t-s)L}P_{c}g(s, \cdot)ds||_{L_{\mathrm{t}}^{2}L_{x}^{2,-*}}\leq C||g||_{L_{t}^{2}L_{x}^{2,s}}$ .
for every $g(t, x)\in S(\mathbb{R}^{2})$ and $t\in \mathbb{R}$ .
Remark a. [$\mathit{2}J$ [ , $L$ divergence forrn Paley-Littlewood
(15) $||e^{1tL}f||_{\dot{B}_{2,\infty}^{1/2}}\sim<||f||_{L^{2}}$
. (5) $\lim_{tarrow\infty}E(t)$ , (7) $u$
. (15) , (7) 0





$\mathrm{M}_{1}(T)=\sup_{0\leq t\leq T}|E(t)-E_{*}|$ , $\mathrm{M}_{2}(T)=||\langle x\rangle^{-3/2}P_{c}w||_{L_{l}^{\infty}L^{2}(\mathit{0},T)}$ ,
$\mathrm{M}_{3}(T)=||P_{d}w||_{L_{x}^{\infty}L^{2}(0,T)}+||\partial_{x}P_{d}w||_{L_{x}^{\infty}L^{2}(\mathit{0},T)}$ ,
$\mathrm{M}_{\mathit{4}}(T)=||(L-E. +1)^{1/2}P_{\mathrm{c}}w||_{L^{q}(\mathit{0},T;L_{x}^{2\mathrm{p}})\cap L^{\infty}(\mathit{0},T_{j}L_{x}^{2})}+||P_{\mathrm{c}}w||_{L^{4}(\mathit{0},T;L_{l}^{\infty})}$,
$\mathrm{M}_{5}(T)=||P_{d}w||_{L^{4}(\mathit{0},T;W_{x}^{1,\infty})\infty(0,\tau;H_{x}^{1})}\cap L$ , $\mathrm{M}_{6}(T)=||\partial_{x}P_{\mathrm{c}}w||_{L_{x}^{\infty}L^{2}(0,T)}$ .
, $4/q=1-1/P$ . ,
$g_{3}+g_{4}=O(g_{I}+g_{II})$
. $g_{I}$ , $V\equiv 0,$ $||u_{\mathit{0}}||_{H^{1}}$ . $-$
Lemma 2 $||g_{II}||L_{t}^{q_{2}’}L_{x}^{\mathrm{r}_{2}’}(q_{2}, r_{2})=(2, \infty)$ ,
Christ-Kiselev ([7]) Lemma 2 Lemma 4
.
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Lemma 4 . $R(\lambda)=(\lambda-L)^{-1}$ , $t\neq 0$ ,
$f\in S$ ,
$\ovalbox{\tt\small REJECT} e^{-itL}f=\int_{-\infty}^{\infty}e^{-it\lambda}dE_{ac}(\lambda)f$
$= \frac{1}{2\pi i}\int_{-\infty}^{\infty}e^{-:t\lambda}P_{c}(R(\lambda-i0)-R(\lambda+i0))fd\lambda$ .
. $\lambda$ Plancherel ( duality argument ) ,
$||e^{\dot{*}tL}P_{c}||_{L_{t}^{2}}$ , $||R(\lambda\pm i\mathit{0})||_{L_{\lambda}^{2}}$ .
Lemma 8( ). Assume $(V\mathit{1})$ and $(V\mathit{2})$ . Then there exist positive numbers
$M$ and $C$ such that
$\sup_{x}||R(\lambda\pm i\mathit{0})u||_{L_{\lambda}^{2}(M,\infty)}\leq C||u||_{L^{2}(\mathrm{R})}$ ,
$\sup_{x}||\partial_{x}(R(\lambda-i0)-R(\lambda+i0))u||_{L_{\lambda}^{2}(M,\infty)}\leq C||u||_{H^{1/2}(\mathrm{R})}$
for every $u\in S(\mathbb{R})$ .
Lemma 9 ( ). Assume $(V\mathit{1})$ and $(V\mathit{2})$ . Let $M$ be a positive number
$\mathit{9}^{iven}$ in Lemma 8. Then there enists a positive number $C$ such that for every $u\in S(\mathbb{R})$ ,
$\sup_{x}||\langle x\rangle^{-3/2}R(\lambda\pm i\mathit{0})u||_{L_{\lambda}^{2}(\mathit{0},M)}\leq C||u||_{L^{2}(\mathrm{R})}$ ,
$\sup_{x}||\partial_{x}R(\lambda\pm i\mathit{0})u||_{L_{\lambda}^{2}(0,M)}\leq C||u||_{L^{2}(\mathrm{R})}$ .
Lemmas 8, 9 $||R(\lambda\pm i0)||_{L_{\lambda}^{2}}$ [13] , Jost
, Deift-Turbowitz[10] Jost . Lemma5 ,
$\frac{1}{\sqrt{\mathit{2}\pi}i}\int_{-\infty}^{\infty}d\lambda e^{-1t\lambda}\{R(\lambda-i0)+R(\lambda+i0)\}P_{c}(F_{t}^{-1}g)(\lambda, \cdot)$
$=2 \int_{\mathit{0}}^{t}dse^{-1(t-*)L}P_{c}g(s, \cdot)+\int_{-\infty}^{\mathit{0}}dse^{-:(t-*)L}P_{\mathrm{c}}g(s, \cdot)-\int_{0}^{\infty}dse^{-:(t-\epsilon)L}P_{\mathrm{c}}g(s, \cdot)$ .
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